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Abstract 

Quantum-gravity corrections to the probability of emission of a particle from a black hole in 
the Parikh-Wilczek tunneling framework are studied. We consider the effects of zero-point 
quantum fluctuations of the metric on the emission probability for a tunneling shell. Quan¬ 
tum properties of the geometry are responsible for the formation of a “quantum egosphere” 
whose effects on the emission probability can be related to the emergence of a logarithmic 
correction to the Bekenstein-Hawking entropy-area formula. 


I. INTRODUCTION 

The linear entropy-area relation for a black hole, originally proposed by Bekenstein in 1] through 
a series of intuitive arguments, can be viewed as a first step towards a description of the quantum 
behavior of black holes. In fact the main argument presented in 1] relies on the inclusion of a 
quantum localization limit for a particle crossing the event horizon when estimating the minimal 
increase in the black hole area during an absorption process. The localization limit, due to its 
quantum nature, provides the factor h needed on dimensional grounds to relate the (dimension¬ 
less) entropy to the black hole area. Hawking’s discovery sj that the evolution of quantum fields 
on a collapsing geometry does indeed predict a thermal flux of particles away from the horizon 
confirmed that the black hole entropy/area can be considered a thermodynamic quantity and it is 
legitimate to define a temperature that corresponds to the “physical” temperature associated with 
the radiation. 

It is interesting to note how the inclusion of quantum effects allows, for particles in a black hole 
geometry, to propagate through classically forbidden regions. This suggests that it should be pos¬ 
sible to describe the black hole emission process, in a semiclassical fashion, as quantum tunneling. 
Parikh and Wilczek (see also *4, f|) showed how such a description of black hole radiance is 
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possible if one considers the emission as a transition between states with the same energy. In this 
way the lowering of the mass of the black hole during the process and the related change in the 
radius set the barrier through which the particle tunnels. The resulting probability of emission 
differs from the standard Boltzmann factor by a corrective term which depends on the ratio of the 
energy of the emitted particle and the mass of the hole. The appearance of the correction causes 
the emission spectrum to be non-thermal. This reflects the fact that in order to describe transitions 
in which the energy of the emitted particle-black hole system does not change one must take into 
account the particle’s self-gravitation. In the limit when the energy of the emitted particle is small 
compared with the mass of the black hole the emission spectrum becomes thermal and Hawking’s 
result is recovered. 

In the tunneling picture the Bekenstein-Hawking entropy-area relation can be deduced from the 


form of the emission probability. In 
emission probability is proportional 


act for a generic system undergoing a quantum transition the 
4, 5 I to a phase space factor depending on the initial and final 
entropy of the system. A phase space factor given by the exponential of the difference between the 
Bekenstein-Hawking entropy Sbh = \ = AirM 2 associated with the black hole after and before 
the emission corresponds exactly to the Parikh-Wilczek result for the tunneling probability 1 . 

The derivation of Parikh and Wilczek gives a dynamical description of black hole radiance in terms 
of the semiclassical tunneling of a shell propagating in a Schwarzschild metric. The metric “knows” 
of the particle’s energy through the phenomenon of back reaction but its role is just that of a clas¬ 
sical background space-time. It is interesting to ask then if it is possible to have a complementary 
derivation of black hole radiance in which space-time itself with its “quantum” properties drives 


the emission process. In 7] York provided such a description in terms of zero point quantum 
fluctuations of the black hole metric. In the model he proposed such fluctuations, governed by 
the uncertainty principle, are responsible for the appearance of a “quantum ergosphere”. If one 
associates the irreducible mass of the quantum ergosphere to the mean thermal energy of a Planck- 
ian oscillator at a given temperature the result is that, for the lowest modes of oscillation, the 
temperature of the heat bath is approximatively given by Hawking’s formula. 

In this Letter we show how, within the tunneling framework, the presence of a quantum ergosphere 
can be related to the appearance of a logarithmic correction to the Bekenstein-Hawking entropy- 
area re^rr of tyP e eorer^ irr differed qU a„ tUm g ra yity — flflUQQlM. 


1 The same result for the emission probability is obtained, using different techniques, in @]. In the same work the 
authors discuss the universal validity of the formula T ~ e (~ AA / 4 ) f or a quantum emission from every type of event 
horizon. 
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This provides a link between quantum gravity microscopic description of black holes and the origin 
of the quantum fluctuations responsible for the formation of the quantum ergosphere. 

In the next section we start with a brief review of the standard tunneling argument. In section III 
we discuss the motivations which lead to the introduction of a “quantum ergosphere” and its role 
in York’s model for black hole radiance. In section IV a modification of the tunneling picture is 
proposed in which quantum effects of the geometry, through the appearance of a quantum ergo¬ 
sphere, are included. It is shown how modifications of the emission spectrum due to such effects 
support a entropy-area relation with a leading order log-area correction. The closing section V 
provides a brief discussion of our results. 


II. TUNNELING THROUGH THE HORIZON 


a 


Following |3| we obtain here an expression for the tunneling probability of a spherical shell 
through the horizon of a Schwarzschild black hole. The two main ingredients of 3] are the use 
of the WKB approximation for the tunneling probability and an effective action describing the 
system which includes the shell’s self-gravitation. The first approximation is valid since wave 
packets propagating from near the horizon are arbitrarily blue-shifted there, the geometrical optics 
limit applies and we can treat the shell as a particle. In the WKB approximation the tunneling 
probability is a function of the imaginary part of the action 

r~ e - 2ImS . (1) 

The explicit form of the action needed to compute the emission probability can be found in 
isl ]. There the corrections to the geodesic motion of a spherical shell due to self-gravitation in a 
Schwarzschild geometry were calculated and their consequences for the Hawking radiation spec¬ 


trum were studied (see also 


lA 


One starts by considering the metric for a general spherically 


symmetric system in ADM form 

ds 2 = —N t (t, r) 2 dt 2 + L(t , r) 2 [dr + N r (t , r)dt] 2 + R(t, r) 2 dQ 2 . 


( 2 ) 


Once the action for the hole-shell system has been written in Hamiltonian form, the dependence 
from all the momenta, but the one conjugate to the shell radius, can be eliminated using the 
constraints of the theory. Integrating over the gravitational degrees of freedom and fixing the 
gauge appropriately (L = 1 R = r) 2 one obtains the following effective action for a massless 


2 This choice of the gauge corresponds to a particular set of coordinates for the line element (Painleve’ coordinates) 
which is particularly useful to study across horizon phenomena being non-singular at the horizon and having 
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self-gravitating spherical shell 


/ 


S = dt (p c r — M. 


(3) 


Here p c is the momentum canonically conjugate to the radial position of the shell, and M + is the 
total mass of the shell-hole system which plays the role of the Hamiltonian. In terms of the black 
hole mass M and the shell energy E we have M + = M + E. Details of the lengthy derivation can 
be found in Q|. The trajectories which extremize this action are the null geodesics of the metric 


ds 2 = —[ N t (r ; M + E)dt f + [dr + N r {r ; M + E)dt) z + r z dQ z , 


(4) 


for which 


cLt 

— = N t (r ; M + E) - N r (r ; M + E) 


(5) 


An explicit form for the line element 0 can be obtained from the expressions of Nt and N r given 
by the constraint equations Q| 


Nt = ±l ; Nr — i 


2M 4 


( 6 ) 


In 3] the total mass of the system is kept fixed while the hole mass is allowed to vary. This means 
that the mass parameter M + is now M + = M — E. One then has the following expression for a 
radial null geodesic 


r = ±1 — 


2 (Af - E) 


(7) 


Now consider the emission of an outgoing spherical shell for which 


Im S = Im 


p r dr. 


( 8 ) 


ri n and are radial positions just inside and outside the barrier through which the particle is 


tunneling. To calculate Im^ we can use Hamilton’s equation, r = Qy- 


Irn S = Im 


r r fi 

J Tir, 


p r dr = Im 


r r fin r 
J Vir, J A 


dp 

M ~ E dH' 

M r 


dr. 


(9) 


The Hamiltonian is H' = M — E', so the imaginary part of the action reads 

rE dE' 


Im S = —Im 


r r fin r> 

” Tin ” 0 


-dr. 


( 10 ) 


Euclidean constant time slices (for more details see ?2(]]). 
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Using 0 and integrating first over r one easily obtains 


r ~ exp —87 tME 1 — 


E 

2M 


( 11 ) 


which, provided the usual Bekenstein-Hawking formula Sbh = A/4 = AttM 2 is valid, corresponds 
to 


T ~ exp [S bh (M -E)- S B h(M)\ . (12) 

If one integrates © first over the energies it is easily seen j] that in order to get m we 
must have rj n = M and r ou t = M — E. So according to what one would expect from energy 
conservation, the tunneling barrier is set by the shrinking of the black hole horizon with a change 
in the radius related to the energy of the emitted particle itself. 


III. THE QUANTUM ERGOSPHERE 


In the previous section a key step toward the tunneling description was the inclusion of back 
reaction effects for the propagation shell at the classical level. The origin of the “quantum ergo- 
sphere” can be also traced back to a calculation of back reaction effects. In this case one studies the 
response of the metric to the energy momentum tensor associated with the quantum fluctuations 
near the horizon responsible for the black hole emission process. An estimate 2lj, [zj] °f this effect 
can be given in terms of the black hole luminosity, which for a Hawking flux is given by Lb = -Mj, 


with B a barrier factor depending on the grey body absorption and the radiated species. 

The quantum-induced energy leakage from the black hole Q produces a splitting between the 
timelike limit surface (TLS) (on which f = 0 for radial null geodesics, with r the circumferential 


radius) and the event horizon (EH), approximatively identified 


221 ] with the locus of “unaccel¬ 


erated” (r = 0) photons. This splitting, which is essentially a back reaction effect, leads to the 
creation of a quantum ergosphere associated with the geometrically well defined difference of areas 
5Aqe = Atls ~~ Aeh- The important point to note is that if one considers the explicit form 
of 5Aqe it is easy to see that this does not go to zero when Lh —► 0 (and consequently when 
the Hawking temperature Tb —> 0) as it would be expected. This reveals an intrinsic “quantum” 
nature of the ergosphere and indeed it turns out that 5Aqe goes to zero only in the limit h —* 0, 
in which case one recovers the classical Schwarzschild structure. This fact suggests that for quan¬ 
tum black holes, zero point fluctuations of the metric might play an active role in near horizon 
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phenomena, in primis in the Hawking effect. 

The above arguments served as a starting point for York’s description of black hole radiance. In 
7] he proposes a model of fluctuating metric whose oscillation amplitudes are determined by the 
uncertainty principle. A quantum ergosphere is formed for each mode of oscillation with an irre¬ 
ducible mass defined by the difference between the mean irreducible masses associated with the EH 
and TLS. In order to estimate Hawking’s temperature York conjectured that this irreducible mass 
corresponds to the mean thermal energy of a quantum oscillator in a heat bath at a given temper¬ 
ature. The frequencies of oscillation are then determined by the lowest gravitational quasinormal 
modes of the black hole. The temperature obtained in this way agrees in good approximation with 
Hawking’s result. 

York’s model provides an example of how it is possible to “switch on” a quantum ergosphere 
introducing appropriate quantum effects, namely, quantum oscillations around the classical 
Schwarzschild metric. More generally one would expect that the presence of a quantum ergo¬ 
sphere would play a role in the phenomenon of black hole radiance whenever quantum properties 
of the geometry are taken into account. Along these lines it is reasonable to assume that quantum 
effects on the horizon within a particular quantum gravity framework, without the introduction of 
an ad hoc model for the quantum fluctuations of the metric, will be effectively described in terms 
of a quantum ergosphere. In the following section we will see this conjecture at work in the context 
of the previously discussed tunneling framework. 


IV. A TUNNEL THROUGH THE QUANTUM HORIZON 


The emission probability for a shell of energy E put in the form m is highly suggestive. 
Thinking of the entropy as a measure of the number of micro-states available to a system in a 
given configuration, the tunneling probability for our shell 


r ~ 




exp (AS) , 


(13) 


is the expression one would expect from a quantum mechanical transition amplitude with a typical 
dependence on the ratio of the initial and final micro-states of the system given by the entropy 
change AS. 


This observation calls for an immediate genera 
several quantum gravity scenarios 



, el y In 


ization. Calculations of the black hole entropy in 


12L ! 1.1 Il4 Il5| . besides reproducing the familiar 


linear relation between area and entropy obtained a leading order “quantum” correction with a 




logarithmic 3 dependence on the area 4 
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A 


A 


r 2' 
L P 


s « G = 4l| + “ ln I| + 0 lT 


(14) 


where a is a parameter which depends on the choice of the model. 

One might expect that a derivation of the emission probability in a quantum gravity framework 5 in 
presence of back-reaction would lead to an expression analogous to m with the usual Bekenstein- 


Hawking entropy Sbh = -fri replaced by m i-e. 


exp (S qg (M -E)- S qg (M )) 


The previous expression written in explicit form reads 


T(E) ~ exp (A S QG ) = ( 1 - exp (-SttGME f 1 - 


M ) 


(15) 


(16) 


The exponential in this equation shows the same type of non-thermal deviation found in 3] • In this 
case, however, an additional factor depending on the ratio of the energy of the emitted quantum 
and the mass of the black hole is present. A discussion of the possible consequences of the additional 
factor for the fate of the black hole in its late stages of evaporation and the information paradox 
can be found in B 

Our goal here is to show how an emission probability of the type m can be obtained if one 
takes into account the possibility that quantum properties of the background space-time alter 
the geometry near the horizon. In the spirit of York we will assume that zero-point quantum 
fluctuations of the metric produce a splitting between the timelike limit surface and the event 
horizon. This would lead to the formation of a quantum ergosphere characterized by the area 
difference 5Aqe = Atls ~ A-eh (where Atls and Aeh are the mean areas associated with the 
fluctuating TLS and EH). As in Section II, in order to derive the tunneling amplitude, we have to 
evaluate the integral 


f r fin r r fin rH ( jjji 

Im S = Im / p r dr = Im / / ——dr = —Im 

" Ein. “Vii 


r fin rE dE t 

/ ~r dr ’ 

in JO T 


(17) 


Jo r J, 

but now taking into account the presence of the quantum ergosphere. Let us focus on the propa¬ 
gation of a classical shell in a Schwarzschild geometry. When no back reaction effects nor quantum 


3 A similar logarithmic correction to the entropy-area law has also emerged from the calculation of one-loop effects 
of the (quantum) matter fields near the black hole 0. 

4 We now switch from k = h = c = G= 1 units of the previous sections tofc = fi = c= lto keep track of the 
Planck-scale suppressed terms. 

5 In E2 , for example, it is shown that the emergence of such a logarithmic correction can be related to Planck-scale 
modifications of a particle’s quantum localization limit. 
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gravity corrections are present the geodesic m is simply 


r = ±1 — 


2 GM 


(18) 


r = 0 at r = 2 GM where the TLS and EH coincide (the apparent horizon (AH) for spherically 
symmetric configurations coincides with the TLS) 6 . To evaluate the effects of this shifting on (1181) 
we consider the mean irreducible masses associated with the TLS and EH 

" Tls = (w) ’ Beh = (w) (19) 

Following [j] we assume that Mtls and Meh will differ from the standard value of M by a term 
of order E^/M 


M T ls 


El 

M + 


( 20 ) 


Meh 


M 


~El 

P— 

M 


( 21 ) 


with a > f3. There will be an irreducible mass associated with the quantum ergosphere Mqe = 
Mtls ~ Meh which can be seen as a measure of the zero point energy associated with quantum 
fluctuations of the geometry. We assume that a non-vanishing Mqe will cause a shift in the pole 
of the integrand in Inis'. To see this let us recall that, as stressed at the end of section II, the 
tunneling barrier is set by the energy of the black hole before and after the emission of the shell. 
This is obtained using only the information about the radial location of the TLS contained in the 
integral m • We realize then that the position of the TLS is what really determines the emission 
probability in the tunneling framework. As an estimate of the shift in the pole we will assume that 
in the expression for the radial null geodesic m the mass associated with the TLS will be given 
by the mean value Mtls ■ Equation then becomes 


r = ±1 — 


N 


2 G (M + d§ 


( 22 ) 


As a next step we attempt to introduce back reaction effects due to the energy of the propagating 
shell. In doing so let us recall that, in the absence of a quantum ergosphere, a self-gravitating 
massless shell of energy E, in its geodetic motion, “sees” an effective black hole mass M — E, i.e. 


6 The radial coordinate r is, just like in standard Schwarzschild coordinates and in the coordinate set used in HEH, 
the circumferential radius. 
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in the shell’s geodesic equation m M is replaced by M — E. Our assumption is that an analogous 
replacement will be required in d in order to take into account the back reaction of the shell. 
The geodesic would then read 


f = ±1 — 


N 


2G ((M - E) + 


(23) 


Equipped with this expression we now turn to the calculation of the transition amplitude a la 
Parikh-Wilczek. Substituting (12.'ll) (with a plus sign for an outgoing shell) in (II 71) and integrating 
over r using the usual Feynman prescription 7 we have 

rE 

Im S = 4ir 

Jo 


G(M - E') 1 + a 


E l 


(AT -E') 2 


dE' 


(24) 


Doing the integral over the energy and substituting in m we obtain for the emission probability 

(25) 

/ \ \ ^ 1V1 J J 

which is analogous to m provided a = 47rci. 


T ~ exp (-21m S) = ( 1 - exp ^-8vr GME ^1 - 


V. CONCLUSION 

We adapted the derivation of Parikh and Wilczek in order to include effects due to quantum 
fluctuations of the horizon. The “quantum corrected” emission probability contains an additional 
factor which depends on the coefficient a which measures the shifting of the TLS from its 
“classical” location r = 2 M. An analogous factor appears in the emission probability when 
logarithmic corrections to the black hole entropy-area law are present. This analogy suggests that 
the quantum ergosphere, seen as an indelible signature of quantum gravity on a black hole metric, 
affects the near horizon geometry of the black hole leading to the emergence of a logarithmic 
correction in the entropy-area law. Reversing the view, the argument we presented might support 
the idea that leading order (logarithmic) quantum corrections to the black hole entropy are related 
to the presence of zero-point quantum fluctuations of the metric. 


7 The pole is moved in the lower half plane as in j^]. 
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